Abstract: A detailed theoretical study of composite plasmonic waveguide structures is reported. Expressions for modal expansion coefficients, optical transmittance and surface intensity are presented and used to describe the behavior of dielectric channel waveguides containing a short gold-coated section. The superstrate refractive index is shown to control modal beating and modal attenuation in the gold-coated region leading to distinctive features in the surface intensity and device transmittance. The model presented allows detailed prediction of device performance, enabling improved design of highly sensitive miniature devices for evanescent refractometry and vibrational spectroscopy, and can be extended to the design and optimization of composite waveguides structures with nano-patterned overlayers. 14. J. Shibayama, "Three-Dimensional numerical investigation of an improved surface plasmon resonance waveguide sensor," IEEE Photon. Technol. Lett. 22(9), 643-645 (2010). 15. J.Čtyroký, J. Homola, and M. Skalsky, "Modelling of surface plasmon resonance waveguide sensor by complex mode expansion and propagation method," Opt.
Introduction
Hybrid plasmonic devices incorporating dielectric and metallic waveguiding structures [1, 2] offer great potential for ultra-compact high performance devices from polarizers [3] and sensors [4] , through surface-enhanced Raman spectrometers [5, 6] , to telecommunications filters [7] and all-optical switches. In particular there is growing interest in such plasmonic technologies for biochemical analysis in clinical point-of-care applications [8] .
Several theoretical approaches have been employed to model and design these devices for the case of waveguide sensors using surface plasmon resonance (SPR). Surface plasmons (surface plasma charges oscillations) are electron charges on a metal boundary which can perform coherent fluctuations [9] . Initially, simple, fast approaches to modeling 2D (metal-coated slab) waveguide structures were adopted to study the coupling behavior between dielectric and plasmonic waveguides and to predict refractometric sensor performance [10] [11] [12] [13] . The use of channel dielectric waveguides is more practical as they allow for compactness and integration of multiple on-chip functionalities. The different characteristics of channel waveguide modes compared with slab waveguide modes in terms of field components and distributions and modal velocities mean that more sophisticated 3D models are required for accurate design and fuller understanding of channel waveguide based devices. Several approaches have been adopted to model 3D composite plasmonic waveguide devices including the beam propagation method [13, 14] . The beam propagation method 3D approach follows the results obtained by 2D beam propagation method approach having wide enough overlayer which covers the core region. However, it does not yield detailed information on the nature and excitation of the various modes throughout the structure. An understanding of these modes is important for the design of more advanced devices, such as devices with complex nanopatterned metal structures for ultrasensitive surface spectroscopy, refractometry and sensing. In this paper we present a detailed analysis of the excitation and propagation of modes in channel photonic waveguides overlaid with a short section of a noble metal plasmonic overlayer as schematically depicted on Fig. 1(a) . The orthogonality of complex modes in the noble metal coated region, excited from the monomode dielectric region, leads to explicit expressions for the expansion coefficients coupling the modes between the regions [15] . The modal properties, i.e. field distributions and complex propagation constants, of the uncoated and metal-coated channel waveguide sections have been determined using a commercial finite-element method (FEM) package (COMSOL) fully controlled by Matlab, using similar design values as [10] for comparison. The analysis presented in this paper extends the results of [10] from the slab waveguide geometry to the more realistic channel waveguide geometry [16] and explores the resultant behavior of the expansion coefficients, modal interference and surface intensity distributions not discussed in [10] . These have then been used to illustrate the behavior of the complex expansion coefficients into and out of the metal coated region, which are discussed in terms of power conservation. Using this approach, the transmittance of such a channel waveguide SPR refractometer is calculated as a function of the refractive index of the superstrate. Future compact devices for surface-enhanced sensing will rely upon high surface intensity over short lengths for efficient operation. Our model is used to determine the optical intensity at the surface of the noble metal film along the length of the waveguide, by superposition of the modes, which carry modal powers calculated according to their expansion coefficients. The contribution of each of the modes in the metalcoated region is discussed and the mode-beating behavior, which leads to short regions of high surface intensity, is described. The method presented here elucidates the behavior of the complex expansion coefficients between waveguide sections for absorbing materials, develops a detailed understanding of the modal behavior in noble-metal coated dielectric waveguides and provides an accurate design approach for future composite plasmonic waveguides and nanopatterned devices for field localization.
3D composite plasmonic waveguide analysis
Surface plasmon-polaritons (SPP) are supported by several different optical waveguide configurations [17] . Thin metal films sandwiched between two semi-infinite dielectric media are known to support bound and a leaky SPP modes with symmetric and anti-symmetric transversemagnetic field distributions across the film thickness [18, 19] . Bound or leaky modes can be preferentially excited by controlling the coupling conditions [9, 20] , and surrounding refractive indices [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . It is also known that symmetric-bound SPP modes show the lowest propagation losses and longest propagation distances, and are therefore termed long-range SPPs, in quasi-symmetric [27] , as well as, highly asymmetric [28] thin metal film structures. The propagation distance can be extended substantially by bringing the SPP-supporting thin metal film in close proximity to a planar dielectric waveguide [29] . In this case, in addition to symmetric and anti-symmetric bound SPP modes, the composite structure supports hybrid modes [30] resulting from combinations between dielectric and SPP modes. The extended range SPP mode is a hybrid mode, which is a combination of the dielectric and the symmetric-bound SPP mode, with the majority of the electromagnetic (EM) energy contained within the dielectric waveg- uide showing only a small overlap with the adjacent thin metal film. It is precisely this minimum overlap of the EM field with the lossy thin metal film that results in the extended range of the hybrid modes. However, in this case, the increased propagation distance is inevitably achieved at the expense of the top-surface intensity. A number of different methods have been used to excite SPPs including grating approaches [9] and prism-based [9, 18] approaches. They include prism coupling with attenuated totalinternal reflection (ATR) in the Otto [20] or Kretschmann-Raether [9] configurations, evanescent field coupling [3, 25, 26] , and end-firing [18] . While ATR and evanescent methods require exact phase matching for efficient SPP excitation, end-firing requires only field matching of the mode in question at the excitation point and it is, therefore, much more versatile. For example, the Kretschmann configuration can never excite purely bound modes. On the other hand, devices based on evanescent wave coupling rely on efficient excitation of symmetric bound or leaky modes, depending on the superstrate refractive index [3, 25, 26] . Controlling the excitation of the appropriate SPP mode is of paramount importance for optimising the performance of the optical devices.
3D plasmonic mode configuration -mode field distributions and dispersion curves
The 3D composite plasmonic waveguide considered in this study is shown in Fig. 1(a) and is modelled throughout at a wavelength of 633nm. It consists of a dielectric rib waveguide with core having index of n 1 = 1.478, width of 4µm and height of 2µm, covered by a 50nm thick gold stripe with complex index of 0.197 − 3.466 j [10] over a finite length L, the refractive index of the substrate n 2 = 1.471. to 1.44 to cover important aqueous analytes such as soft drinks, or those encountered in immunoassays [16] . The superstrate index values used were chosen to illustrate the behavior of the modes and modal excitation close to and far from the surface plasmon resonance; in practice very small changes in refractive index can be achieved by altering the sucrose content of aqueous solutions. These values are taken from [10] for ease of comparison of slab and channel waveguide behavior. The waveguide refractive index values and dimensions are a good approximation to the K + ion-exchanged waveguides used in [16] , and correspond to a typical index contrast yielding monomode operation with good modal compatibility with optical fiber for connection to instrumentation. Figures 1(b)-1(c) show the composite plasmonic waveguide cross-sections in the (y-z) and (x-y) planes respectively. Thin metallic stripe plasmonic waveguides are shown to support symmetric and anti-symmetric bound and leaky modes, as well as corner modes [31, 32] . Here symmetric and anti-symmetric modes have been defined from the real and imaginary E y field component with respect to the centre of the gold strip (similar to symmetric and anti-symmetric modes defined from real and imaginary H y field component in Fig. 2 in [10] . In analogy with planar geometries [29] , the composite 3D structure, including the dielectric rib waveguide, is expected to support additional hybrid modes. The supported guided and leaky modes of the 3D composite waveguide have been calculated using FEM based COMSOL 4.3b with Matlab module. 
Where ℜ(β ) is the real part of the complex propagation constant β . SPP-a is of high effective index compared to HDM. The index of the SPP-s strongly depends on the refractive index of the superstrate. The results of the current 3D composite waveguide are compared with their counterparts supported by a similar 2D planar waveguide [10] showing excellent agreement. This is not surprising, since the dispersion of surface modes supported by 2D stripe plasmonic waveguides are well described by 1-D slab counterparts [13, 33] . Figure 4 (c) shows an expanded version of the dispersion curves for the effective refractive index of HDM and SPP-s around the resonance. The resonance occurs when the DM matches the SPP-s mode. The effective indices of the HDM and SPP-s modes diverge strongly away from the resonance at n 3 = 1.365. Index difference between effective refractive indices of a HDM and SPP-s on Fig. 4 (a) excited in a gold coated region 0 < z < L is more pronounced, starting from the resonance. Below the resonance SPP-s radiates into the substrate Fig. 3(d) with highest losses for the structure having a superstrate of low index (lower than resonance which occurs at 1.365 of the superstrate), Fig.  3 (e). However, above the resonance, SPP-s is confined by the metal strip. The dispersion of the HDM can be explained by the distribution of the normalized time averaged energy density.
Figure 4(b) shows variation of attenuation coefficient α in dB/cm of modes in a gold coated region 0 < z < L with superstrate index calculated according to Eq. (2):
Where ℑ(β ) is the imaginary part of the complex propagation constant β . SPP-s and SPP-a exhibit high modal attenuation. Zones I, II and III in Fig. 4(b) indicate superstrate indices below, near, and above resonance which will be discussed in terms of modal interference behavior in Sections 3.2 and 3.3. The HDM shows a high loss around the resonance and low loss far from it suggesting that waveguide transmittance will be predominantly defined by the imaginary part of the propagation constant ℑ(β ) of this mode. remains close to the effective index of the DM. This is expected, since HDM is predominantly localized within the dielectric waveguide, similarly with DM, compare Figs. 3(a)-3(f) . The HDM mode propagation loss, on the other hand, although the lowest, shows a resonant increase around a superstrate index of 1.365. At this superstrate index, DM and SPP-s are phasematched and as a result the HDM, which is an anti-symmetric linear combination of DM and SPP-s, overlaps substantially with the metallic strip as shown in Fig. 2(e) . Although DM and SPP-s modes propagate independently having their own propagation constants, the propagation constants are similar at the resonance and also close to that of HDM. Non-monotonic variation of effective index of HDM near the resonance occurs due to the non-monotonic variation of its propagation constant. The effective indices and propagation losses of SPP-s and SPP-a, on the other hand, vary linearly with superstrate index (note the scale change). This behavior is similar to that shown by similar modes supported by thin metallic films [28] . It should be noted that for low superstrate indices no bound SPP-s mode exists and the supported mode is leaky.
Mode-matching conditions at waveguide discontinuities
The excitation of the modes at the beginning of the gold-coated region (1), by the mode of the input region (0) to determine the fields of the entire composite waveguide is achieved by applying appropriate mode-matching conditions at the input (z = 0) and output (z = L) interfaces of the dielectric rib waveguide and the composite dielectric/metallic stripe waveguide. We assume guided pure dielectric mode, DM, in Fig. 2(a) designated by a subscript i0 in the input: region 0 in Fig. 1 and output: Region 2 on Fig. 1 side (pure dielectric waveguide) of the first step and orthogonal guided modes γ1 = i1, j1 or m1 assigned to HDM in Fig. 2(b) , SPP-s, in Fig. 2(c) and SPP-a in Fig. 2(d) modes, respectively, in the output side (dielectric waveguide with plasmonic overlayer) of the first step as shown in Fig. 1(a) with quasi-transverse magnetic components. At z = 0, the general complex field distributions at the boundary between region 0 and region 1, ignoring the reflected and radiated modes, are:
Where ξ = x, y and E = E x x + E y y + E z z and H = H x x + H y y + H z z. x, y and z are unit vectors in the x, y and z directions respectively. An expression for the expansion coefficient between input mode i1 in region 0 and mode j1 in region 1 is derived using the complex orthogonality principle:
Where γ1 = i1, j1, m1. We now express a general complex electric and magnetic field distribution components:
Where β δ is the propagation constant of mode δ .Ē δ (x, y, z) andH δ (x, y, z) are extracted complex vectorial electric and magnetic field components calculated using FEM andĒ = E x x + E y y + E z z andH = H x x + H y y + H z z. a δ = N δ A δ = E δ (x, y, z)/(E δ (x, y)exp(− jβ δ z)) = H δ (x, y, z)/(H δ (x, y)exp(− jβ δ z)) and A δ is complex, A δ = |A δ |exp(− jφ δ ) related to the power carried by the mode as: P δ = |A δ | 2 . The normalization factor N δ giving rise to each mode carrying unity power, P δ = 1 is:
Power in any region is defined as:
A relation between eigenmodes at an abrupt step is detailed in Appendix. An expansion coefficient c i0,γ1 expanding mode i1 from region 0 into mode γ1 in region 1 over the first abrupt step is:
At z = L, the expansion coefficients are derived in a similar manner to that detailed above resulting in:
Since, a γ1 = c i0,γ1 a i0 a i2 = c i0,γ1 a i0 c γ1,i2 (11) or:
And the transmittance through the composite plasmonic waveguide is obtained as:
or:
Where C γ1 = (I i0,γ1 + I γ1,i0 ) 2 /(4I i0,i0 I γ1,γ1 ) and L is length of a gold overlayer.
From Eq. (13) or Eq. (14) the transmittance through the composite-plasmonic waveguide structure presented here, can be calculated.
Simulation of expansion coefficients, device transmittance and surface intensity
In this section, the complex expansion coefficients relating the fields in the gold-coated and the uncoated regions of the device shown in Fig. 1 are evaluated as a function of superstrate index. These are then used to calculate the composite device transmittance vs. superstrate index for a range of gold lengths, L, which are compared with results for slab waveguides [10] . The behavior of the optical intensity at the surface of the gold film, of importance in surface-enhanced phenomena, is then described, illustrating the impact of the phase of the expansion coefficients and the beating and attenuation behavior of the modes in the gold-coated region. The modal quantities used are those determined in Section 2.1, and the composite waveguide structure is simulated at a wavelength of 633nm to allow ready comparison with literature.
Expansion coefficients
The expansion coefficients derived in Section 2.2 are, in general, complex. At the 1 st waveguide discontinuity (z = 0), the expansion coefficients provide the amplitude and phase of excitation of each eigenmode in the gold-coated region (Region 1: the HDM, SPP-s and SPP-a modes). The expansion coefficients at the 2 nd discontinuity at z = L provide the contributions of the HDM, SPP-s and SPP-a eigenmodes to the power in the output dielectric waveguide as shown in Fig. 1 , Region 2. Figure 5 shows the amplitude and phase of the complex expansion coefficients at the 1 st discontinuity (z = 0) and 2 nd discontinuity (z = L), for HDM, Figs It is observed that the amplitude and phase of the expansion coefficients between the same modes at the two interfaces (z = 0 and z = L) are different, with the amplitudes at the 2 nd discontinuity being consistently smaller. Fig. 5(a) also shows that the amplitude of the HDM mode at the 1 st step acquires values larger than 1 for a superstrate index around 1.36. This does not violate power flow conservation. To verify this the total power flow across the 1 st discontinuity has been calculated. Fig. 6 shows the P 1 /P 0 ratio, where P 0 = P z (z = 0 − ) and P 1 = P z (z = 0 + ), as a function of the superstrate index. It is shown that despite the calculated DM/HDM expansion coefficient being higher than unity, P 1 is always lower than P 0 . The difference P 0 − P 1 gives a measure of the losses due to the excitation of radiation and leaky modes at the discontinuity, which are not explicitly calculated in this study. 
Optical transmittance
Equation (14) yields the total optical transmittance of the composite device, neglecting backscattered light and multiple reflections [10] . At the boundary between a pure dielectric waveguide and a waveguide coated with a thin gold film, these reflections have been shown to be very weak (below −60dB ) [15] . The optical transmittance of the composite structure is defined primarily by the losses of the complex HDM in the gold-coated region 0 < z < L. The SPP-s and SPP-a modes have very high modal attenuation of order 10 4 dB/cm, as shown in Fig. 4(b) , and therefore contribute little to the device transmittance; this is especially true for the SPP-a mode. The transmittance is then largely dependent upon the behavior of the HDM mode, due to its relatively low attenuation and large expansion coefficient. The device transmittance, T , as a function of superstrate index is shown in Fig. 7 for a variety of gold lengths, L. Figure 7(a) shows the calculated optical transmittance with L = 2mm, based on our model, superimposed upon the values for a slab waveguide presented in [10] , showing excellent agreement, though with a small shift due to the channel nature of the waveguide modeled here. A 4x2µm core waveguide is a good approximation to the channel waveguide used in [16] and Fig. 7(a) shows a small change in resonance position when compared with the slab waveguide model. Figure 7(b) shows the device transmittance for shorter interaction lengths L, ranging from 100µm down to 10µm, resulting in increasing transmittance as expected. For L > 100µm the optical transmittance closely follows the modal attenuation profile of the HDM and the peak loss scales with the 70dB/mm loss co- efficient as shown in Fig. 4(b) . However, it is notable that the shape of the resonance is strongly distorted for L < 50µm. This is because, for shorter lengths, significant power remains in the highly lossy SPP-s mode at z = L, which then contributes to the transmittance of the device.
As the HDM and SPP-s modes propagate with different velocities and as their effective indices change differentially with superstrate index, these two modes interfere constructively or destructively at the z = L plane when exciting the output waveguide, as the superstrate index changes, distorting the shape of the T vs n 3 curve. The beat-length depends on the N e f f difference between the HDM and SPP modes shown in Fig. 4(a) . To illustrate this behavior, the device transmittance is plotted as a function of L for different superstrate indices in Fig. 8 , grouped into superstrate index zones below resonance (I), near resonance (II) and above resonance (III). For all refractive indices the transmittance shows oscillations with L for small values of Ls, illustrating the (HDM-SPP) modal beat length for a particular value of n 3 . For L > 50µm the beating behavior ceases because the power in the SPP-s mode is no longer significant. For superstrate indices of 1.3 − 1.32, Fig. 8(a) , the beating behavior is dominated by the HDM-SPP-a modes because the SPP-s mode is extremely weakly excited, Fig. 5(c) , but the beating dies out over a length of a few microns because of the high loss of the SPP-a mode. In contrast, for superstrate indices nearer the resonance, Fig. 8 (b) n 3 > 1.39, the oscillations are particularly pronounced because the excitation efficiency of the SPP-s mode is significant, Fig. 5 (c), and they persist to a length of nearly 50µm because the loss of the SPP-s mode is relatively low. In the case of the highest index modeled (n 3 = 1.44) the transmittance reaches a near-constant value with length from L of about 50µm, because the remaining HDM has a loss of only 1.74 dB/mm which is negligible over the 50µm length shown.
Surface intensity
The surface intensity over a known waveguide length for a given input power is an important parameter to assess the sensitivity of evanescent waveguide sensors, particularly for biosensors where chemical processes in monomolecular films are studied and in general for design of devices with improved signal to noise ratio. In the case of a channel waveguide, the intensity is normally integrated across the width of the waveguide, in order to arrive at a performance measure for a specific device length. In this section, the behavior of the intensity at the surface of the gold film (y s = d + t) is studied: Surface intensity (I) which is calculated as: 3D plots of |E y | 2 , |E z | 2 , and |E x | 2 at the gold surface are shown in Figs. 9(a)-9(c) , respectively. The modal beating behavior is clearly visible. The surface intensity integrated across the full width of the waveguide and along the length from z = 0 to z = 200 µm for varying superstate index is shown in Fig. 9(d) , yielding the highest integrated surface intensity at n 3 = 1.363 which corresponds to the highest excitation (expansion coefficient) of the HDM mode as in Fig. 5(a) close to the surface plasmon resonance. Figure 10 shows the surface intensity at the center of the waveguide (y = d + t; x = 0) along a 100 micron length for the superstrate index values and regions used in Fig. 8 . The surface intensity is not maximum at the start of the gold film (z=0) but after a distance of 10 − 30µm into the gold-coated region. This is because the phases and amplitudes of the HDM mode and the SPP-s and SPP-a modes at z = 0 are such that they interfere destructively across the thin metal film and the total field matches the dielectric mode (DM) closely. The superimposed SPP modes are extinguished beyond a propagation length of about 50µm, leaving the HDM to propagate alone. Around the resonance, HDM shows strong localization across the thin metal film which results in the observed increased surface intensity. It is observed that the highest surface intensity is achieved for superstrate refractive index of n 3 = 1.363, which corresponds to the highest value of HDM expansion coefficient. Also, in order to fully utilize this surface intensity maximum in a sensor application, the minimum length of the gold thin film should be at least L ∼ 25µm.
Conclusion
Hybrid devices combining dielectric waveguides with plasmonic structures have many applications in photonic circuitry. A detailed theoretical study of a composite-plasmonic waveguide structure based on channel waveguides is given in this paper, yielding detailed information on the excitation of modes in the composite structure from an input dielectric waveguide, their propagation over the gold-coated region, the transmittance of the device into an output dielectric waveguide, and the optical intensity at the surface of the gold film. It was observed that modal beating in the gold-coated region, which strongly affects surface intensity and transmittance, can be controlled through the superstrate index, and that the transmission and surface intensity behavior is dominated by the behavior of the hybrid dielectric-plasmonic mode (HDM) in terms of its excitation and attenuation. The behavior of the complex expansion coefficients, coupling the modal fields in the gold-coated and uncoated waveguide regions, is studied near the resonance as the superstrate refractive index is varied, and it is shown that the magnitudes of these are dissimilar for the input and output transitions (dielectric waveguide into composite waveguide and composite waveguide out to dielectric waveguide); nonetheless power flow across interfaces is shown not to violate power conservation principles and accounts for radiation and other scattering losses. Device transmittance is shown to agree well with the published literature for slab waveguides, with a small deviation due to the channel nature of the waveguides modeled here. The charge oscillation, plasmons, are localized in the direction perpendicular to the metal boundary and are accompanied by a mixed transversal and longitudinal electromagnetic field having maximum in the surface of metal boundary, typically for surface waves. Therefore, surface plasmons are sensitive to surface properties. The surface intensity is important for many applications in sensing, spectroscopy and nonlinear optics. Here, the intensity at the surface of the gold film is mapped, showing the beating behavior of the modes in the gold-coated region and clarifying the regions of highest surface intensity and enabling design of devices in terms of the maximum and minimum useful length of the gold film. It is observed that the maximum surface intensity integrated over the gold surface occurs at the value of superstrate index 1.363, where the HDM mode is most strongly excited. This superstrate index is different from the position of minimum transmittance at superstrate index of 1.365, which is defined by the maximum HDM propagation loss (which occurs here at the superstrate index of 1.365) and the beating with the SPP modes. This theoretical study enables clear understanding of the complex behavior of modes in composite dielectric-plasmonic waveguides and design of optimised sen-sitive miniature devices for refractometry, evanescent vibrational spectroscopy and plasmonic devices for all-optical processing, harnessing the advantages of both dielectric and plasmonic waveguides. The model developed is general and can be used to design and optimize composite waveguides with more complex overlayer structures.
Appendix: relation between eigenmodes at an abrupt step By substituting Eq. (5) and Eq. (6) (Ē γ1 ×H γ1 ) z + (Ē γ1 ×H γ1 ) z dxdy (16) To obtain a relation between eigenmodes at an abrupt step: a i0 (I i0,γ1 + I γ1,i0 ) = a γ1 2I γ1,γ1 (17) a γ1 = a i0 (I i0,γ1 + I γ1,i0 )/(2I γ1,γ1 )
Where:
N δ can then be expressed as:
Which is:
